Abstract⎯The contact between three insulators results in a set up of contact potentials related to the adsorbed dipole moment at each surface. The produced electric field applies force (disjoining pressure) on each interface. This disjoining pressure is a long-ranged force (1/distance 2 ) which is proportional to the difference between the dielectric permittivities of the phases on the two sides of the interface and, for small angles, to the square of the contact angle. The contact potential leads to a logarithmic perturbation of the profile of the three-phase contact zone.
CONTACT POTENTIAL IN A WEDGE
Every interface possesses "adsorbed" normal dipole moment (Gibbs excess of the bulk polarization) due to the inherent anisotropy of the interfacial layerin essence, this layer is a pyroelectric material [1] . The surface normal dipole results in a jump of the electrostatic potential [2] between each two macroscopic phases. This jump is called the contact potential [3] . The contact potential does not lead to experimentally observable consequences in systems with a single homogeneously polarized surface (e.g., a spherical droplet). However, an inhomogeneity of the surface can cause a measurable gradient of the dipolar potential and a macroscopic electric field (e.g. [4] ). Macroscopic field occurs also between two different homogeneous interfaces in contact with each other [3, 5] .
Herein, we will investigate the macroscopic field in a wedge-shaped three-phase contact (TPC) zone between three insulators-a solid substrate (S), and two fluids, oil and air (O and A), with the geometry given in Fig. 1 (polar [r, α] coordinate system). This configuration is widespread in nature and technology [6] . At each interface, a potential jump occurs due to the adsorbed dipole moment [2, 3] -these three potential jumps are (1) 1 The article is published in the original. where φ X is the potential in the phase X, θ is the TPC angle, and the jump is a coordinate-independent characteristic of the interface X|Y (the surface excess of the normal polarization divided by the vacuum permittivity [3] ). The contact potentials produce a field that applies ponderomotoric force to the interfaces. Our goals in this work are, first, to determine the relationship between the potentials and the force (the disjoining pressure [7] ) acting at the wedge, and, second, to analyse their effect on the shape of the TPC zone of an insulating droplet at the surface of an insulating solid.
Equations (1) are three boundary conditions for Coulomb's law. The other three are the conditions for the continuity of the normal displacement field: 
where E α = -r −1 dφ/dα is the α-component of the electric field intensity and ε are the dielectric permittivities of the phases. The solution to Coulomb's equation in each phase (∇ 2 φ O = 0, ∇ 2 φ A = 0, ∇ 2 φ S = 0) for the considered geometry is (compare to Landau and Lifshitz [3] ):
Here, φ 0 and e are six integration constants determined by the boundary conditions (1) and (2) and by the arbitrary choice of the zero of the potential φ. We set the zero of φ in the solid phase, right next to the S|O interface, i.e. φ S (2π) = 0. This condition, when taken together with Eqs. (1) and (2), leads to the following expressions for the integration constants in (3):
Here, we introduced the symbols 
to which we will refer as to the uncompensated TPC potential Δφ and the dielectric ratio Θ.
The following properties of the electric field at the wedge can be inferred from Eqs. (4)−(6):
(i) From Eqs. (4) it follows that the fields and act in the same direction, i.e. the e's in the three phases are of the same sign. The direction of the field (clockwise or anticlockwise) is controlled by the sign of the TPC potential Δφ, as the denominator in Eqs. (4) is always positive. When Δφ = 0, no field is evolved.
(ii) There is a monotonic dependence of E α on θ: the field intensity in all phases increases as the contact angle θ increases if ε O > ε A , and vice versa. (iii) The electric displacement is independent of α and is equal in all phases ( = e X /r and e O = e A = e S ). The solution (3) for the potential in the wedge is plotted in Fig. 2 as a function of the polar angle α, for the following values of the parameters:
We emphasise that the contact potential is normally a dynamic phenomenon [3] . However small, the conductivity of the materials will eventually cause charge accumulation and formation of double layers screening the contact potentials. For good insulators, both the relaxation time and the thickness of the double layer can be significant, and in the limit of perfect insulators, the aforementioned results refer to equilibrium.
MAXWELL STRESS TENSOR
In this section, we consider the ponderomotoric forces acting at the wedge. For the sake of clarity, we skip the phase superscripts O, A and S, unless explicitly noted. The Maxwell stress tensor in each phase is given by [2] ( 7) where is the unit tensor and C is the density of the medium; cylindrical [r, α, z] coordinates are used. The total stress tensor T involves also the mechanical pressure p: (7) and (8), one finds that the mechanical pressure is independent of α, i.e. p = p(r). Then, the integration of the r-component of Eq. (9), taken together with Eqs. (3), (7) and (8), yields (10) where p 0 is an r-independent integration constant. The expression in the left-hand portion of this equation is independent of α, and the right-hand one is independent of r, so both expressons are constants, i.e. (11) By setting r → ∞, we can conclude that p 0 is the pressure in the phases at infinite distance from the TPC line. Far away from the TPC, the interfaces are flat, consequently, p 0 is not a phase-specific parameter (Young−Laplace equation at r → ∞ requires that = = ). Substituting the result (11) for p in Eq. (8) for T, we obtain (12) By using its definition given by Rusanov and Shchekin in [7] , we find that the disjoining pressure in each phase of the wedge is (13) The expressions (12) and (13) makes it possible to calculate the forces acting at each interface in Fig. 1 . To summarize, the most interesting properties of the disjoining pressure are:
(i) Π in each phase is attractive. The direction of the deformation of the O|A interface is determined by the more attractive pressure of Π O and Π A . (ii) As e O = e A = e S , the ratio between the disjoining pressures in the three phases is:
( 1 4 ) The strongest attraction comes from the disjoining pressure in the phase with lowest polarity, which is the ( , ) .
air in our case. Therefore, for the configuration in Fig. 1 , the electrostatic interactions pull the interface toward the gas phase.
(iii) The considered disjoining pressure is a longrange force. By expressing Eq. (13) with the "distance" y = r sinθ between the solid surface and the O|A interface, we obtain: (15) i.e., Π ∝ y −2 . Thus, the force due to the contact potential in insulators acts at a longer distance than the van der Waals attraction (Π ∝ y −3 ). Let us mention some of the limitations of the derived expressions. Near the TPC, the solution for the electrostatic potential becomes physically senseless. The obtained results (3) for the electric field and (13) for Π are singular at the origin. The distance at which Eqs. (3) and (13) become invalid can be estimated via the analysis of the approximations that are responsible for the singularity. The first omitted factor is the finite thickness of the polarized surface layer (the diffuse dipolar layer [1] ). The characteristic length of the dipole layer is the so-called quadrupolar length L Q [1] , which measures the ratio between the quadrupolar and the dipolar strengths of the insulator (the quadrupolarizability of the medium is important for the structure of the dipole layer due to the conjugation between surface dipole and bulk quadrupolarization [8] ). The order of magnitude of L Q for oils is ~Å [9] ; thus, the result (13) becomes invalid at r of the order of a few Å.
The second limitation of Eq. (13) is related to the change of the polarization of the surfaces near the TPC. The electric field (3) tends to infinity at r = 0. Near the TPC the field is large enough to alter φ, φ and φ. In the close proximity of the TPC, the short-ranged "strong" orienting molecular image force that causes the polarization of each surface [10] and the long-ranged "weak" interaction between the three dipolar surfaces are of similar order of magnitude. Thus, the assumed independence of r of the contact potentials must compromise at certain distance from the TPC. To estimate this distance, we assume that a linear relationship between the contact potential and the normal displacement field D α holds [1] :
Here D α (r) = εE α = e/r, and χ S is the dielectric susceptibility of the dipolar double layer. This quantity can be estimated by using the equation for the O|A interface [1] : Here, the intrinsic surface polarizability is of the order of ~ ε 0 ; using = 2 Å [9] and ε O = 4ε 0 , one obtains χ S ~ 0.25 Å. The considered depolarization effect becomes significant when χ S D α is, e.g., 10% of ε 0 φ, or from Eqs. (3) and (4), when r ~ 10χ S e/ε 0 φ 1 Å. Therefore, significant surface depolarization can be expected only in the closest proximity (1−2 molecules) to the TPC.
The third phenomenon we neglected that becomes important near the TPC is the dielectro-Marangoni effect: the gradient of the normal electric field can cause surface flow because the normal field affects the value of the mechanical [11] surface tension γ. For small fields, by using Eq. (85) in Ref. [1] we obtain: (18) where Eq. (3) was used. The Marangoni force dγ/dr becomes significant at about the same distance of a few Å from the rim as that for the two aforementioned effects.
DEFORMATION OF THE SURFACE AND DYNAMIC CONTACT ANGLE
The two stress tensors acting on the two sides of the O|A surface are locally unbalanced (ΔT αα = − ≠ 0). The liquid interface responds to the uncompensated force by deformation leading to corrugation, and respectively, to a capillary pressure p c = σ/R c balancing ΔT αα (here, σ is surface tension, R c -radius of curvature). In this section, we will consider the problem for the profile or the TPC zone for three cases: (i) large angles and absence of van der Waals forces; (ii) small angles and van der Waals forces acting; (iii) complete wetting with van der Waals repulsion. In all cases, we assume that the capillary pressure at a infinite distance from the TPC is zero.
(i) Large TPC angle and no van der Waals disjoining pressure. Voinov [12] solved a similar problem for the effect of the hydrodynamic flow in a wedge on the shape of a three-phase contact. Here, we reproduce his analysis, with minor modifications and with electric tensor instead of one of viscous stress. By using the relation between the radius of curvature R c and the shape y(x) of the O|A interface (in Cartesian [x, y, z] coordinates, Fig. 1 ), we can write the balance between ΔT αα (Eq. (12)) and p c as (19) where y x and y xx are the first and the second derivative of y(x), sgn is the signum function, and the disjoining pressure Π Δφ stands for Assuming that the local disjoining pressure is controlled by the local thickness of the liquid film y and the local slope of the surface y x = tanθ (compare to [12] ), we can rewrite Eq. (19) as (21) where we used Eq. (4) for e, the relation r 2 = (1 + 1/ )y 2 , and we introduced the contact potential length: where x 0 is an integration constant (which is unimportant for the final results). The deviation term in Eq. (24) is relatively small: the ratio δy/y is significant only when x ~ L Δφ , which is less than Å.
Let us also consider briefly the "exact" solution to Eq. (21), keeping in mind that it is not significantly more accurate than Eq. (24), as the expression used in Laplace−Young equation (21) for the disjoining pressure is valid neither for large deviations from the flat shape, nor for distances of the order of a few Å (which is where the "exact" solution differs from Eq. (24) Here, we used as a boundary condition that y → ∞ when θ → θ ∞ , where θ ∞ is the macroscopic TPC angle far from the TPC zone. At the TPC contact (y → 0), the integral on the right hand side must be infinite, which means that θ(y = 0) is either equal to
. The dependence of θ on y that follows from Eq. (26) is illustrated in Fig. 3 (σ = 20 mN/m) . The formula (13) for Π is invalid if the shape of the surface is too different from a wedge, so Eq. (26) should give the correct asymtote at θ − θ ∞ → 0, but it becomes inaccurate as this difference increases.
A second integration of Eq. (26) yields the x coordinate; the simplest route to obtain it is to use the relation x = This integral is calculated numerically by using the recurrent trapezoidal rule (27) Here, y i is the value following from Eq. (26) at θ = θ i ; for a list of values of θ i , i = 1…n, the respective y i are calculated through Eq. (26), and then Eq. (27) is used to calculate the respective x i starting from an arbitrary x 1 . The result for y(x) is plotted in Fig. 4 , and it is compared to its asymptote (24). The integration constants (x 0 and x 1 ) are chosen manually.
(ii) Small TPC angle and van der Waals force present. Now we will modify the Laplace−Young equation (21) in two aspects. First, we will assume small slopes and use the approximations y x 1 and θ ∞ 1. With this approximations, Eq. (20) simplifies to Π Δφ = σL Δφ ( /y 2 ). Thus, the contact potentialinduced disjoining pressure Π Δφ has an essential dependence on the slope, and it vanishes for a plane parallel film. Second, we will account for the van der Waals disjoining pressure, which, for small slopes and cot d . where we used the boundary condition (dy/dx) y = ∞ = θ ∞ . A second integration yields the profile of the TPC zone:
(31)
Let us now analyse some limiting cases of this result. In the absence of contact potential (L Δφ = 0),
the integration gives the well-known [13] result y 2 = x 2 + a vdW / . On the other hand, if van der Waals interaction is negligible (a vdW = 0), we obtain:
where E 1 is the integral exponent of the first order (in case of L Δφ < 0-its real part) and γ is Euler's constant; an arbitrary constant can be added to x. The same series at y → ∞ can be obtained from Eq. (24) in the limit of small slopes. The series of Eq. (31) at y → ∞ if both van der Waals and contact potential-induced pressures are acting reads:
According to this result, the perturbation due to the contact potential of the profile from the flat shape is dominating over that due to the van der Waals force at large y. This is so because the contact potentialinduced disjoining pressure acts at longer distances than the van der Waals force (1/y 2 instead of 1/y 3 ). The profile (31) is illustrated in Fig. 5 for the case of attractive van der Waals pressure (A H > 0) of various intensity; the electrostatic parameters are as those above (i.e., repulsive Π Δφ ). The integration constant is selected to make the asymptote at y → ∞ coinciding with (33). Above the critical value a vdW /2 = , the profiles are close to hyperbolic ones. At a vdW /2 ≤ , the profile crosses y = 0, i.e. a true TPC contact is possible. Qualitatively, the repulsive disjoining pressure Π Δφ limits the spreading of the TPC zone. However, this effect is rather small because the van der Waals force normally dominates over Π Δφ in the vicinity of the TPC.
(ii) Complete wetting (θ ∞ = 0). In the absence of capillary pressure, complete wetting is possible only if the van der Waals pressure is repulsive, a vdW < 0. In this case, the profile near the TPC that follows from Eq. (31) is:
where the approximation is valid at y > |L Δφ |. This result can be simplifid to the known asymptote x = y 2 when y |L Δφ | [13] . The effect of the contact potential is rather small in this case, because complete wetting corresponds to small slopes and consequently to small Π Δφ as Π Δφ ∝ 4. CONCLUSIONS A contact potential arises in the TPC region between several insulators due to the dipole moment of the surfaces that brings about a macroscopic electric field, Eq. (3). The electric field is proportional to 1/r and becomes significant in the vicinity of the TPC. We have shown that the respective Maxwell stress corresponds to a very long ranged contact potentialinduced disjoining pressure Π Δφ = Π O − Π A . The sign of Π Δφ is controlled by the difference in the dielectric constants of the phases O and A, and it is proportional to the square of the uncompensated TPC potential (6) . This disjoining pressure is proportional to the square of the slope, and it vanishes for flat films within the framework of validity of the macroscopic Maxwell equations. More precisely, for flat films, Π Δφ will be a short ranged force, acting at distances of the order of the thickness L Q of the diffuse dipolar layer [1] .
We have considered the displacement of the liquid interface in the TPC zone due to this new disjoining pressure for several physical cases: large angles, small angles and thin wetting films, with and without van der Waals forces. In all cases, the contact potentialinduced deformation is small but ranged to very large distances, even more than that arising due to the van der Waals interactions.
We limited our discussion to the consideration of TPC between three insulators. Similar expressions for the field and the disjoining pressure can hold in the case where one or two of the phases are metals (these can be obtained, e.g., by setting ε S → ∞ in Eqs. (4)−(6)), as well as for the case of a crystal edge, where two facets of different surface dipole moment join (by setting ε S = ε A and φ = 0).
